We compare, for smooth monomial projective curves, the Castelnuovo-Mumford regularity and the reduction number; we present an example where these two numbers differ. However, we show they coincide for a certain class of monomial curves. Furthermore, for smooth monomial curves we prove an inequality which is stronger than the one from the Eisenbud-Goto conjecture.
Introduction
The Eisenbud-Goto conjecture states that reg R ≤ deg R − codim R holds for every graded domain R over an algebraically closed base field K, where reg R is the smallest integer n such that H i m (R) j−i = 0 for all i ≥ 0 and j > n, deg R is the multiplicity of R and codim R := dim K (R 1 )− dim R. This conjecture was proved in various special cases; [2] contains a proof for projective irreducible curves.
On the other hand, [4] 
contains a proof of r(S) ≤ deg K[S] − codim K[S]
where S is a (homogenous) simplicial affine semigroup and r(S) is the reduction number of K[S] with respect to the natural minimal reduction of the simplicial ring K [S] . Moreover, one has a rather close relation between r(S) and reg K[S], namely r(S) ≤ reg K[S] < (dim K[S])r(S) (by [8] and [4] ). Therefore, it is natural to ask
Question. Does r(S) = reg K[S] (Q)
hold?
Besides of own interest, a positive answer to this question would confirm the Eisenbud-Goto conjecture for reg K [S] . As this is maybe the simplest case, we investigate (Q) for smooth monomial curves. We get partial positive answers (Theorem 3.6, see also Remark 3.5 (ii)). Unfortunately, in general the answer is negative (see Example 3.4). In order to get these results, we have to reformulate the above problem to some combinatorial problems. Then we can, in particular, use the software Macaulay 2 to search for a counterexample.
Though (Q) has negative answer in general, we can establish a new upper bound (Theorem 3.7) for the Castelnuovo-Mumford regularity reg K[S] of smooth monomial curves that is much stronger than what the EisenbudGoto conjecture claims. Note that [3] contains a combinatorial proof of the Eisenbud-Goto conjecture for simplicial toric rings with isolated singularity.
Finally, in some cases we can compute the reduction number r(S) (see Theorem 3.8).
Combinatorial formulation
We will keep the following notation for the rest of this article. Let N, Z + and Z − denote the set of non-negative, positive and negative integers, respectively. Let S ⊂ N 2 be a semigroup generated by
where c ≥ 1, α ≥ 2 and 0 < a 1 < · · · < a c < α are relatively prime integers. Note that c = codim K[S]. The degree of an element of the group generated by S is defined as the sum of its entries, divided by α.
we denote the affine semigroup ring associated to S. Then q := (t α 1 , t α 2 ) is a minimal reduction of the maximal homogeneous ideal m of K[S]. Let r(S) denotes the reduction number of m with respect to q, that is r(S) = min{r ∈ N| m r+1 = qm r }. r(S) = min{r ∈ N|(r + 1)A = {e 1 , , e 2 } + rA} ≥ 1.
(Notation: B + C := {b + c| b ∈ B, c ∈ C} for subsets B, C of N 2 ).
(ii) One has r(S) ≤ reg K[S] (see [8] ) and 
Definition. (i) We say a subset B of N is full iff it has the form
for some m ∈ N.
(ii) We say a subset A of N has (P 1 ) iff for every m ∈ N one has mA not full ⇒ mA + {0, α} not full. If A = {0, p 1 , . . . , p l , α}, 0 < p 1 < · · · < p l < α and mα is full for some m ≥ 1 then 1, α − 1 ∈ A; this means that A defines a smooth monomial curve. Also, if mA is full then nA is full for every n > m ≥ 1.
For the rest of the section we assume that A defines a smooth monomial curve, i.e. A = {0, 1, p 1 , ..., p l , α − 1, α} and 1 < p 1 < · · · < p l < α − 1. For later use we set g i := (α − i, i), where 0 ≤ i ≤ α. Thus, e 1 = g 0 and e 2 = g α .
Note that G is generated by e 1 , g 1 . Writing u = pe 1 + qg 1 , p, q ∈ Z, and comparing the second coordinates we get that q ≥ 0. Hence u ∈ S − Ne 1 . Thus
By [7, Corollary 3.8] we get
Since αS ⊂ Ne 1 + Ne 2 , the set of u ∈ G such that u + p(S \ {0}) ⊆ S for p ≫ 0 is exactly the set (S − Ne 1 ) ∩ (S − Ne 2 ) =S. By [7, Corollary 3.4 (ii)] get (ii).
Note thatS coincides with the so-called normalization of S (see [5] 
Theorem 2.4.
A has (P 2 ) ⇒ A has (P 1 ) ⇐⇒ (Q) has positive answer.
Proof. 
Results
We keep all notation from the previous section. For p ∈ N we define h p :=
. By definition, a gap of f is a subset L of N \ supp f that has the form L = {i, i + 1, . . . , j} where i, j ∈ N, i ≤ j and such that i − 1, j + 1 ∈ supp f . If L is a gap of f , its length is ♯L, by definition. We set λ(f ) := max{♯L | L gap of f }.
Lemma 3.2. For f, g ∈ H[t] the following statements hold:
For a subset A of N we define (ii) f := f A has the form f = h p +t q g with g ∈ H[t] and deg g = α−q ≤ p and g(0) = 1.
For m ∈ Z + one has f m = h m p + t q h m−1 p g + · · · + t mq g m = h mp + t q h (m−1)p g + · · · + t mq g m . Let i ∈ {0, . . . , m − 1}. Then from Lemma 3.2 we deduce that
From what was shown above it follows that i(p + q − α) + q − mp > 1 for some i ∈ {0, . . . , m − 1} or λ(g m ) > 0, i. e. precisely one of the following two conditions holds: (ii) Using Macaulay 2 one can check that (P 2 ) holds for m = 3 and for every set
and α ≤ 16. This has the following geometric meaning: If, over an arbitrary field K, the subsemigroup S of N 2 corresponds to a smooth (monomial) curve of degree at most 16, then the following property holds reg
Theorem 3.6. Over an arbitrary field K, let S ⊆ N 2 be the subsemigroup associated to A = {0, 1, . . . , p, q = q 1 , . . . , q l , α}
Proof. This follows from Theorem 2.4 and Lemma 3.3(ii).
By a famous result of Gruson, Lazarsfeld and Peskine [2] , the CastelnuovoMumford regularity of a projective irreducible curve C is bounded by deg C− codim C + 1. For a smooth monomial curve defined by A this means that reg K[S] ≤ ( ♯L) + 1, where L runs over all gaps of f A . In [3, Corollary 2.2] there is a combinatorial of this result in this case. We can improve this bound as follows:
where [a] denotes the integer part of a ∈ R.
Proof. If K[S]
is a Cohen-Macaulay ring, then by Lemma 2.2, λ(f A ) = 0 and the claim follows by Corollary 2.3. AssumeS = S. Recall that g i = (α − i, i). Let u ∈S \ S. Then we can write u = y + pe 1 + qe 2 , where p, q ∈ N, y = (y 1 , y 2 ) ∈ N 2 and y 1 + y 2 = α. Since u ∈ S, y + ie 1 ∈ S for all i = 0, ..., p. Note that y + ie 1 = (i − j)g t + jg t+1 + (y 1 + ti + j, y 2 − ti − j), where 0 ≤ j ≤ i ≤ p and 0 ≤ t ≤ ε − 1. By the definition of ε we have g 0 , ..., g ε ∈ S. Hence for all i, j, t as above we must have (y 1 + ti + j, y 2 − ti − j) ∈ S. This means all numbers y 1 , y 1 + 1, ..., y 1 + εp belong to a gap L of f A . Similarly, the condition y + qe 2 ∈ S forces y 1 ,
By Corollary 2.3, the claim follows.
The following result gives a lower bound for the reduction number and the Castelnuovo-Mumford regularity in terms of the length of the first gap of λ(f A ). It gives further cases when (Q) holds. We also see how one can in some cases compute the reduction number r(S) using the information on reg K[S].
Theorem 3.8. Assume that
In particular, if also α − i ∈ A for all 0 ≤ i ≤ ε and p 1 − ε − 1 = λ(f A ), then
Proof. Let Since u ∈ S, u + e 2 ∈ e 2 + S. Comparing the first coordinate we also get u + e 2 ∈ e 1 + S. Thus u + e 2 ∈ {e 1 , e 2 } + S and r(S) ≥ deg(u + e 2 ) = δ + 2. 
